Cursul 7

Arbori heap

Tipuri de date abstracte (ADT)
B Concepte de baza

B Modulul - mecanism pentru implementarea
unui adt

B Exemplull: Tipul abstract Queue
[0 Specificare algebrica
0 Implementare
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Arbori binari heap

O minHeap - arbore binar in care cheia din fiecare nod
este mai micd decat cheile din nodurile fii. Analog
maxHeap

O Vom ilustra minHeap
0 Structura de data:

data (Ord a) => Htree a = Null | Fork a (Htree a) (Htree a)
deriving Show

[0 Htree este virtual echivalent cu Stree: etichetele la
constructorul Fork sunt plasate diferit

0 Pentru a pune in evidenta proprietatea heap se
defineste corespunzdtor functia flatten
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Arbori binari heap

Functia flatten:

flatten :: (Ord a) => Htree a -> [a]
flatten Null = []
flatten (Fork x xt yt) =

x:merge (flatten xt) (flatten yt)

merge :: (Ord a) => [a] -> [a] -> [a]
merge [] ys = ys
merge (x:xs) []

merge (x:xs) (y:ys) = if x <= y then
x:merge xs(y:ys) else y:merge (x:xs) ys

X . XS
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Arbori binari heap

Exemplu:

Main> flatten( Fork 1 (Fork 2 Null Null) ( Fork 3 Null Null))
[1,2,3]

Main> flatten( Fork 1 (Fork 3 Null Null) ( Fork 2 Null Null))
[1,2,3]

Main> tl

Fork 1 (Fork 3 (Fork 4 Null Null) (Fork 5 Null Null)) (Fork 2
Null Null)

Main> flatten tl
[1,2,3,4,5]
Main> t2

Fork 15 (Fork 18 (Fork 29 Null Null) (Fork 25 Null Null))
(Fork 29 Null Null)

Main> flatten t2
[15,18,25,29,29]
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Arbori binari heap vs. arbori binari de cautare

Arborii binari de cautare :
B Cautare eficienta

B Inserare

B Stergere

Arborii heap:

B Aflarea min (respectiv max) in timp
constant

B Operatie "merge” eficient
B Heapsort
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A

Construirea unui heap

Se poate defini o noud versiune a functiei
mkBtree cu ihdeplinirea conditiei de heap.
Nu se obtine Thsd arbore complet

Este posibila construirea unui arbore

binar heap dintr-o lista, in timp liniar

B Se construieste mai intai un arbore binar
de adancime minimd (mkHtree)

B Se rearanjeazad etichetele astfel incat sa
fie indeplinita conditia heap (heapify)
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A

Construirea unui heap

|
mkHtree :: (Ord a)=> [a] -> Htree a
mkHtree [] = Null
mkHtree (x:xs)

| (m == 0) = Fork x Null Null
| otherwise = Fork x (mkHtree ys) (mkHtree zs)
where m = (length xs)

(ys, zs) = splitAt (m div 2) xs

mkHeap :: (Ord a) => [a] -> Htree a
mkHeap = heapify.mkHtree

heapify :: (Ord a) => Htree a -> Htree a

heapify Null = Null

heapify (Fork x xt yt) = sift x (heapify xt) (heapify yt)

OO0 Functia sift are 3 argumente (x xt yt); reconstruieste
arborele prin deplasarea lui x “in jos" pana se obtine
proprietatea de heap
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A

Construirea unui heap - functia sift

|
sift :: (Ord a) => a -> Htree a -> Htree a -> Htree a

sift x Null Null = Fork x Null Null

sift x (Fork y a b) Null
if x <=y then Fork x (Fork y a b) Null
else Fork y (sift x a b) Null

sift x Null (Fork z c d)
if x <= z then Fork x Null (Fork z c d)
else Fork z Null (sift x c d)
sift x (Fork y a b) (Fork z c d)
| x <= (y min" z) = Fork x (Fork y a b) (Fork z c d)
| v <= (x min" z) = Fork y (sift x a b) (Fork z c d)
Fork z (Fork y a b) (sift x c d)

| 2z <= (x min" y)
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Construirea unui heap - Exemple

|
Main> mkHtree["unu", "doi",6 "trei", "patru"]

Fork "unu" (Fork "doi" Null Null) (Fork "trei" Null (Fork "patru" Null Null))

Main> mkHeap|["unu","doi",6 "trei", "patru"]
Fork "doi" (Fork "unu" Null Null) (Fork "patru" Null (Fork "trei" Null Null))

Main> mkHtree[5,7,2,4,1,3, 6]

Fork 5 (Fork 7 (Fork 2 Null Null) (Fork 4 Null Null)) (Fork 1 (Fork 3 Null
Null (Fork 6 Null Null))

Main> flatten( mkHtree[5,7,2,4,1,3,6])

[5,1,3,6,7,2,4]

Main> mkHeap[5,7,2,4,1,3,6]

Fork 1 (Fork 2 (Fork 7 Null Null) (Fork 4 Null Null)) (Fork 3 (Fork 5 Null
Null) (Fork 6 Null Null))

Main> flatten (mkHeap[5,7,2,4,1,3,6])
[1121314151617]
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A

Heapsort

heapsort :: (Ord a) => [a] -> [a]
heapsort = flatten.mkHeap

Main> heapsort[3,1,3,5,2,1]

[1,1,2,3,3,5]

Main> heapsort ["unu", "doi","trei", "patru", "cinci",
"sase","sapte", "opt", "noua"]

["cineci", "doi", "noua", "opt", "patru", "sapte'", "sase",
"trei", "unu"]

Main> heapsort [[1,2,4],[1,2,3],[1,2,1]1,[1,2,2]]

[rf1,2,11,11,2,21,1[1,2,31,[1,2,4]]

Main> heapsort [[1,2,5,4],[2,3],[1,1,2,1],[1,2,2],[1],[3]]

rexl,[r1,1,2,11,11,2,21,1[1,2,5,41,1[2,3],[31]
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Tipuri de date abstracte

B

O

B

O declaratie data introduce un nou tip de data prin
descrierea modului de construire a elementelor sale

Un tip in care sunt descrise valorile fdara a descrie
operatiile se nhumeste #ip concret

Un tip abstract de date este definit prin
specificarea operatiilor sale fard a descrie modul
de reprezentare a valorilor

Exemplu: Float este adt Th Haskell pentru ca nu
este specificat modul de reprezentare al
elementelor ci doar operatiile ce se aplica

In general reprezentarea adt se poate schimba
fdrd a afecta validitatea scripturilor ce utilizeaza
acest adt

G. Grigoras - FII Programare Functionala 11



Exemplu - Coada

Tipul abstract Queue a al cozilor peste un

tipa

O coada este o lista speciala: restrictii

privind operatiile

Programatorul doreste o implementare

eficientd a acestui adt dar nu o realizeaza

(incal) ci se preocupd de descrierea

operatiilor

B Operatiile primitive - numele si descrierea
lor
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A

Coada
Operatiile primitive - numele, tipul:
B empty : ¢ Queue a
B join :: a -> Queue a -> Queue a
B front :: Queue a -> a
B back :: Queue a -> Queue a
B isEmpty :: Queue a -> Bool
Semnificatia

Lista operatiilor impreuna cu tipul acestora
reprezinta signatura tipului de data
abstract
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A

Coada

Specificare algebrica (axiomatica): o lista de
axiome ce trebuie sa fie satisfacute de
operatii

Pentru Queue a:

isEmpty empty = True

isEmpty (join x xq) = False

front (join x empty) = x

front (join x(join y xq)) = front (join y xq)

back (join x empty) = empty

back (join x (join y xq)) = join x back (join y xq))
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Coada - Specificare algebrica

Aceste ecuatii seamdna cu definitiile formale
ale functiilor, bazate pe un tip de datd ce are
costructorii empty st join

Nu se specificd hicderi constrangerea de a
implementa coada cu acesti constructori;
ecuatiile trebuiesc privite ca o exprimare a
relatiilor intre functiile adt

Din ecuatiile de mai sus se deduce ca orice
coadad poate fi exprimata printr-un humar
finit de aplicatii ale operatiilor de join si back
aplicate cozii empty
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ADT - Implementare

Implementarea adt inseamna furnizarea unei
reprezentadri pentru valorile sale, definirea
operetiilor in termenii acestei reprezentari si
dovedirea faptului cd operatiile implementate
satisfac specificatiile algebrice

Cel ce implementeaza adt este liber in a alege
dintre posibilele reprezentari, in functie de :
B eficienta

B simplicitate

B gusturi
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Coada - Implementare(1)

0 Liste finite

0 Operatiile (le numim cu sufixul c pentruale
diferentia de cele abstracte):

emptyc :: [a]

emptyc = []

joinc :: a -> [a] -> [a]
joinc x xs = xs ++ [x]
frontc :: [a] -> a
frontc(x:xs) = x

backec :: [a] -> [a]
backc(x:xs) = xs
isEmptyc :: [a] -> Bool

isEmptyc xs = null xs

[0 Toate operatiile necesitd timp constant, exceptie
joinc care se face in ©(n) pasi
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Coada - Implementare(1)

Pentru a dovedi ca sunt indeplinite axiomele
se observa cd existd o corespondenta
biunivoca intre liste finite si cozi:

abstr :: [a] —-> Queue a

abstr = foldr join empty.reverse

reprn :: Queue a -> [a]

reprn empty = []

reprn (join x xq) reprn xq ++ [x]

reprn.abstr id;,;

abstr.reprn = idg .. 2
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Coada - Implementare(1)

[0 Sd dovedim cd au loc ecuatiile pentru front:

front(join x empty) = x

front(join x empty) = front(join x [])

front [x]

X

front (join x(join y xq)) = front (join y xq)

front (join x(join y xq)) = front (join x( xgq ++ [y]))
= front ( xq ++ [y] ++ [x]) = front (xg + [y])

front (join y xq) = front ( xgq ++ [y])
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Coada - Implementare(2)

[0 O coada xq se reprezinta ca o pereche de liste (xs,
ys) astfel ca elementele lui ys sunt elementele listei
XS ++ reverse ys, cu o conditie n plus: dacd n
perechea (xs, ys) ce reprezintd o coadad, xs este lista
vida atunci si ys este lista vida

[0 Nu orice pereche de liste reprezintd o coada; de
exemplu perechea ([], [1])

[0 Doud perechi distincte de liste pot reprezenta
aceeasi coada: ([1,2], []) si ([1], [2]) reprezinta coada
join 2(join 1 empty)
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Coada - Implementare(2)

O

Pentru implementare definim functia abstr:

abstr :: ([a]l,[a]) -> Queue a

abstr (xs, ys) = (foldr join empty.reverse) (xs ++ reverse ys)

Functia abstr nu este injectiva: de exemplu se arata usor ca
abstr([1,2], [1) = abstr([1], [2])

Formalizarea faptului ca nu toate reprezentarile sunt valide:

valid :: ([a]l,[a]l]) -> Bool
valid(xs, ys) = not(null xs) "or null ys

Functia valid este un invariant al tipului de data

Perechea (abstr, valid) formalizeaza reprezentarea cozilor prin
perechi de liste
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Coada - Implementare(2)

O Implementare operatiilor:

emptyc = ([],[])

isEmptyc(xs, ys) = null xs

joinc x (ys,zs) = mkValid(ys, x:zs)
frontc(x:xs, ys) = x

backc(x:xs, ys) = mkValid(xs, ys)

mkValid :: ([a], [a]) -> ([a]l, [al)
mkValid (xs, ys) = if null xs then (reverse ys, [])
else (xs, ys)

0 Functia mentine invariantul tipului de data

[0 Toate operatiile necesita timp constant exceptand
back Th cazul Tn care xs este [x]
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Coada - Implementare(2)

O Verificarea specificarii:
B Faptul cd o coadd poate avea mai multe reprezentdri, verificarea
axiomelor "mot-a-mot” duce la esec. Axioma:

back (join x (join y xq)) = join x back (join y xq))
implica:
backc(joinc x (joinc y (joinc z emptyc))) =
backc (joinc x (backcc (joinc y (joinc z (joinc u emptyc)))))
adica:
(ly,x], [1) = ([yl, [x])

ceea ce nu este adevdrat! Dar cele 2 perechi reprezinta aceeasi
coada!
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Coada - Implementare(2)

0 Verificarea specificdrii: axioma sa conduca la faptul ca cele 2
perechi rezultate, chiar dacd sunt diferite, reprezinta aceeasi
coada:

abstr.backc.joinc x.joinc y =
abstr.joinc x.backc.joinc y

OO Ingeneral, pentru orice axiomd de forma f = gunde f sig
returneaza cozi, trebuie sa aiba loc

abstr.fc = abstr.gc
unde fc si gc sunt rezultatele obtinute prin Thlocuirea
operatiilor abstracte cu implementarile lor.
Dacad f si g returneaza altceva decat cozi nu se
foloseste abstr
[0 Axiomele trebuie verificate doar pentru reprezentari valide:
abstr.fc (modulo valid) = abstr.gc (modulo valid)
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Coada - Implementare(2)

O Verificarea specificarii, altd abordare: este suficient
sa aiba loc urmatoarele ecuatii, modulo valid:
abstr emptyc = empty
abstr.joinc x = join x.abstr
abstr.frontc = front.abstr
abstr.backc = back.abstr
isEmptyc = isEmpty.abstr
[0 Odata verificate acestea se dovedeste ca au loc
axiomele. De exemplu:

abstr .backc.joinc x.joinc y = back.join x.join y.abstr

abstr.joinc x.backc.joinc y = join x.back.join y.abstr

Iar back.join x = join x.back este adevaratad (axioma 2
pentru back)
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Module

0 Modulul - mecanism pentru definirea unui adt

[ Sintaxa:

module Nume modul (Lista export)where
Implementare

Nume _modu/incepe cu litera mare

Lista_export contine:

B Numele tipului abstract de date - acelasi cu humele
modulului

B Numele operatiilor

B Nici un alt nume sau valoare declarat in modul si care
nu apare in lista export nu poate fi utilizat in alta parte

B Astainseamnd cd implementarea descrisd in modul este
ascunsad in orice script ce foloseste modulul

O O
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Exemplu: modulul Queue

module Queue (Queue, empty, isEmpty, join, front, back) where
newtype Queue a = MkQ([a], [a])
--deriving (Show)

empty :: Queue a
empty = MkQ([]1, [])
isEmpty :: Queue a -> Bool

isEmpty (MkQ(xs, ys)) = null xs

join :: a -> Queue a -> Queue a
join x (MkQ(ys,zs)) = mkValid(ys, x:zs)

front :: Queue a -> a
front (MkQ(x:xs, ys)) = x

back :: Queue a -> Queue a
back (MkQ (x:xs, ys)) = mkValid(xs, ys)

mkValid :: ([a]l, [a]) -> Queue a
mkValid (xs, ys) = if null xs then MkQ(reverse ys, [])
else MkQ(xs, ys)
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Module - utilizare

O Utilizarea unui modul intr-un script se face folosind o
declaratie import in acel script:
import Nume modul

[0 Exemplu: scriptul coada.hs

import Queue

toQ :: [a] -> Queue a
toQ = foldr join empty.reverse
fromQ :: Queue a -> [a]

fromQ q = if isEmpty q then [] else front qgq:fromQ (back q)

cl :: Queue Int

c2 :: Queue [Char]

cl join 1(join 2( join 3( join 4 (join 5 empty))))
c2 join "ion" (join "vasile'" (join "ana" empty))
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Exemple

Main> join 1l(join 2(join 3 empty))
MkQ ([3]1,[1,2])

Main> cl

MkQ ([5]1,[1,2,3,4])

Main> c2

MkQ (["ana"],["ion",6"wvasile"])
Main> toQ [1,2,3,4,5]

MkQ ([1],([5,4,3,2])

Main> toQ ['a',6'b','c']

MkQ ("a","cb")

Main> join 8 cl

MkQ ([5],[8,1,2,3,4])

Main> join "horia" c2

MkQ (["ana"], ["horia","ion",6 "vasile"])
Main> front c2

"ana"

Main> front (back c2)

"vasile"
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Exemple

Main> mkValid ([1,2,3], [4,5])

ERROR - Undefined variable "mkValid"“
-- daca adaug mkValid in lista export
Main> :r

Main> mkValid ([1,2,3]1, [4,5])

MkQ ([1,2,3],[4,3])

Main> mkValid ([], [2,4,5])

MkQ ([5,4,2],[]1)
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