Cursul 9 - ADT - continuare

Tipul abstract Set
B Reprezentarea cu arbori
B Arbori echilibrati (AVL)

Tipul abstract Bag
B Reprezentare cu arbori heap
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Multimi - reprezentarea cu arbori

module Set (Set, empty, isEmpty, member,insert,delete) where

data Set a = Null | Fork (Set a) a (Set a)
deriving (Show)

empty :: Set a
empty = Null

isEmpty :: Set a -> Bool
isEmpty Null = True
isEmpty (Fork xt y zt) = False

member :: (Ord a) => Set a -> a -> Bool
member Null x = False
member (Fork xt y zt) x

| (x < y) = member xt x
| (x == y) = True
| (x > y) = member zt x
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Multimi - reprezentarea cu arbori

insert :: (Ord a) => a -> Set a -> Set a

insert x Null = Fork Null x Null
insert x (Fork xt y zt)

| (x < y) = Fork(insert x xt) y zt

| (x == y) = Fork xt y zt

| (x > y) = Fork xt y (insert x zt)
delete :: (Ord a) => a -> Set a -> Set a
delete x Null = Null
delete x (Fork xt y zt)

| (x < y) = Fork(delete x xt) y zt

| (x == y) = join xt =zt

| (x >y) = Fork xt y (delete x zt)
join :: Set a -> Set a -> Set a

join xt yt = if isEmpty yt then xt else Fork xt y zt
where (y, zt) = splitTree yt

splitTree :: Set a -> (a, Set a)

splitTree (Fork xt y zt) = if isEmpty xt then (y, zt) else (u, Fork vt y zt)
where (u, vt) = splitTree xt
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Multimi - reprezentarea cu arbori

Functiile join si splitTree nu pot fi utilizate
Tn scripturi ce importa modulul Set

Functia join nu poate fi folosita pentru
reuniune: valoarea join xt yt este
definitd cu presupunerea ca fiecare element
din xt este mai mic decat fiecare element
din yt

Reprezentarea multimilor prin arbori este
eficientd doar pentru operatiile dictionar:
inserare, stergere, cautare
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Exemplu de utilizare

import Set

toSet :: Ord a => [a] -> Set a
toSet [] = empty

toSet (x:xs) = insert x (toSet xs)
tl, t2, t3 :: Set Int

tl = toSet [4,1,6]

t2 toSet [11,9,8]

t3 empty

Main> toSet [8,3,5,2,1]

Fork Null 1 (Fork Null 2 (Fork (Fork Null 3 Null) 5 (Fork Null 8 Null)))
Main> insert 7 tl

Fork (Fork Null 1 (Fork Null 4 Null)) 6 (Fork Null 7 Null)

Main> insert 5 t2

Fork (Fork Null 5 Null) 8 (Fork Null 9 (Fork Null 11 Null))

Main> t2

Fork Null 8 (Fork Null 9 (Fork Null 11 Null))

Main> insert 10 t2

Fork Null 8 (Fork Null 9 (Fork (Fork Null 10 Null) 11 Null))
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Multimi - reprezentarea cu arbori

Probleme la reprezentarea cu arbor:i:

B timpul de executie pentru member, insert
delete depind de Tnaltimea arborelui

B o multime cu n elemente poate fi
reprezentatd cu un arbore de indlfime
log(n+1)

B pentru pdstrarea relatiei h = O(log n) -
arbori echilibrati (arbori AVL)
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Arbori echilibrati (AVL)

Introdusi de 6. Adelson-Velski si Y. Landis

Un arbore este AVL daca indltimile
subarborilor sting respectiv drept pentru
fiecare nod, dlfera cu cel mult o unitate

Formalizare: functia balanced

balanced :: Stree a -> Bool

balanced Null = True

balanced (Fork xt x yt)= abs(height xt - height yt) <=1
&& balanced xt && balanced yt

Arborele xt este echilibrat daca
balanced xt este True
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Arbori echilibrati (AVL)

Teorema: Daca xt este un arbore echilibrat de
dimensiune n si indltime h atunci

h <= 1.4404log(n+1) +O(1)

Consecintd: Operatiile de baza pe arbori
echulubm’ru (inserare, stergere,..) sunt de
complexu’ra’re O(log n)

Implementarea operatiilor - aceeasi schema plus
reechilibrare
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A

Reprezentarea multimilor prin arbori AVL

[0 Folosim tipul Stree si construim un altul, AStree,
addugand pentru fiecare arbore si valoarea mal’rlmu
sale:

data AStree a = Null
| Fork Int (AStree a) a (AStree a)

[0 Sd considerdam o functie ht care extrage dintr-un
AStree eticheta de tip Int. Atunci putem descrie o
functie fork ce pdstreaza invariantul: "Eticheta de tip
Int a unui Astree xt reprezintd inaltimea lui xt"

ht :: AStree a -> Int
ht Null = 0
ht (Fork h xt y zt) = h
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A

Reprezentarea multimilor prin arbori AVL
O Functia fork:

fork :: AStree a -> a -> AStree a -> AStree a
fork xt y zt = Fork h xt y zt

where h = 1 + (max (ht xt ht zt))

Main> fork Null 7 Null
Fork 1 Null 7 Null

Main> fork Null 7 (fork Null 2 (fork Null 3 Null))
Fork 3 Null 7 (Fork 2 Null 2 (Fork 1 Null 3 Null))
Main> fork Null 6 (Fork 4 Null 4 Null)

Fork 5 Null 6 (Fork 4 Null 4 Null)

G. Grigoras - FII Programare Functionala 10



A

Reprezentarea multimilor prin arbori AVL

O Functia fork construieste arbore echilibrat numai
dacd xt gi yt sunt echilibrati si diferenta de indltime
este cel mult 1.

[0 Pentru a asigura constructia numai a arborilor
echilibrati va trebui sa proiectam o alta functie, de
aceelasi tip:

spoon :: AStree a -> a -> AStree a -> AStree a

O Functiile de inserare, stergere, etc. se definesc la fel
ca in cazul Stree Tnlocuind Fork prin spoon
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Functiile insert gi delete

insert :: (Ord a) => a -> AStree a -> AStree a
insert x Null = fork Null x Null
insert x (Fork h xt y zt)

| (x < y) = spoon (insert x xt) y zt

| (x == y) = Fork h xt y zt

| (x > y) = spoon xt y (insert x zt)
delete :: (Ord a) => a -> AStree a -> AStree a

delete x Null = Null
delete x (Fork h xt y zt)

| (x < y) = spoon(delete x xt) y zt

| (x == y) = join xt =zt

| (x >y) = spoon xt y (delete x zt)
join :: AStree a -> AStree a -> AStree a

join xt yt = if isEmpty yt then xt else spoon xt y zt
where (y, zt) = splitTree yt

splitTree :: AStree a -> (a, AStree a)
splitTree (Fork h xt y zt) = if isEmpty xt then (y,zt) else (u,spoon vt y zt)
where (u,vt) = splitTree xt
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Implementare spoon

[0 Fiecare inserare sau stergere altereaza indltimea
arborelui cu 1

0 Este suficient sd implementdm spoon xt y zt in
conditiile Tn care xt si yt sunt echilibrati si
indltimile lor difera cu cel mult 2

O Dacad ht xt = ht zt + 1 atunci spoon este fork

0 Sa presupunem ht xt = ht zt + 2 si atunci xt este
nevid: xt = Fork n ut v wt
B Cazul ht zt = ht xt + 2 este simetric

[0 spoon xty zt depinde de ndlfimile relative ale lui
ut st wt
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Implementare spoon

Cazul 1. ht wt <= ht ut Atunci:
ht zt = ht xt - 2 = ht ut - 1 <= ht wt <= ht ut
In acest caz definim:
spoon xt y zt = rotr (fork xt y zt)
rotr(Fork m (Fork nut v wt) y zt) =

fork ut v (fork wty zt)

PO Y-S YoN
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Implementare spoon

Cazul 1 este corect:

abs(ht ut - ht(fork wt y zt)) = (def ht)
abs(ht ut -1 -max (ht wt, ht zt)) =

abs(ht ut -1-htwt)<=1

z@ 580
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Implementare spoon

Cazul 2: ht wt =1+ ht ut
Atunci wt nu poate fi vid; fie wt = Fork p rt s 11
iar xt = Fork n ut v wt
Au loc:
ht zt = ht xt -2 = ht ut = ht wt -1= max(ht rt, ht 11)
si atunci definim:
spoon xty zt = rotr(fork(rotl xt) y zt)
unde
rotl(Fork n ut v (Fork p rt s t1)) = fork (fork ut v rt) s tt
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Rotatie dubla
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Implementare spoon

Cazul 2 este corect:
spoon xty zt = fork(fork ut v rt) s (fork tt y zt)

si deci:
abs(ht (fork ut v rt) - ht(fork tty zt)) =
abs(max(ht ut, ht rt) - max(ht tt, ht zt))=
abs(max(ht ut, ht rt) - ht zt) =
abs(ht ut-ht zt) = O
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Implementare spoon

00 Implementarea completa:

spoon :: AStree a ->a -> AStree a -> AStree a
spoon xty zt

| (hz + 1< hx) && (bias xt < 0) rotr(fork(rotl xt) y zt)

| (hz + 1< hx) = rotr(fork xt y zt)
| (hx + 1< hz)&& (0 < bias zt) = rotl(fork xt y (rotr zt))
| (hx + 1< hz) = rotl(fork xt y zt)
| otherwise = fork xty zt
where hx = ht xt

hz = ht zt

bias :: AStree a -> Int
bias(Fork h xty zt) = ht xt - ht zt

rotr :: AStree a -> AStree a
rotr(Fork m (Fork nut v wt) y zt) = fork ut v (fork wt y zt)

rotl :: AStree a -> AStreea
rotl(Fork m ut v (Fork n rt s t1)) = fork(fork ut v rt) s t+
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Exemple

Main> insert 3 (insert 5 (insert 1 (insert 4
(insert 2 Null))))

Fork 3 (Fork 1 Null 1 Null) 2 (Fork 2 (Fork 1 Null
3 Null) 4 (Fork 1 Null 5 Null

))

Main> insert 3 (insert 5 (insert 1 (insert 4
(insert 2 (insert 0 Null)))))

Fork 3 (Fork 2 Null 0 (Fork 1 Null 1 Null)) 2 (Fork
2 (Fork 1 Null 3 Null) 4 (Fork 1 Null 5 Null))

Main> insert 3 (insert 5 (insert 1 (insert 4
(insert 2 (insert 10 Null)))))

Fork 3 (Fork 2 (Fork 1 Null 1 Null) 2 (Fork 1 Null
3 Null)) 4 (Fork 2 (Fork 1 Null 5 Null) 10 Null)
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Multiset-uri (Bags)

O Nu conteaza ordinea elementelor
{12,2,3}={3,21,2}

[0 Conteaza elementele duplicate
{12,2,3}2{1,2,3}

0 Tipul Bag a cu a din clasa Ord

[ Operatfii:
B mkBag .» [a] -> Bag a
B isEmpty :: Bag a -> Bool
B union .»: Baga ->Baga->Baga
B minBag .:Baga->a
B delMin .: Baga->Bag a
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Multiset-uri (Bags)

Specificare algebrica:

B isEmpty(mkBag xs) = null xs

B union(mkBag xs) (mkBag ys) = mkBag(xs ++ ys)
B minBag(mkBag xs) = minlist xs

B delMin(mkBag xs) = mkBag(deleteMin xs)

unde deleteMin este functia ce elimind o aparitie
a celui mai mic element dintr-o lista
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Multiset-uri (Bags)

Implementare prin liste nedescrescatoare
B union este implementatd cu merge

B mkBag este implementat cu sort
Complexitatea operatiilor:

B mkBag xb O(nlog n)
B isEmpty xb O(1)
B union xb yb O(m + n)
B minBag xb O(1)
B delMin xb o(1)
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Multiset-uri (Bags)

Implementare prin arbori heap augmentati

Complexitatea operatiilor:

B mkBag xb O(n)

B isEmpty xb O(1)

B union xb yb O(logm + logn)
B minBag xb o(1)

B delMin xb O(log n)
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Multiset-uri (Bags)

Arbori heap augmentati

B Arbori heap introdusi anterior:
data (Ord a) => Htree a = Null | Fork a (Htree a) (Htree a)
B Se adaugad un intreg - dimensiunea subarborelui
stang
data Htree a = Null | Fork Int a (Htree a) (Htree a)

Arbore "leftist". Dimensiunea fiecdrui
subarbore stdng este cel putin cat si
dimensiunea subarborelui drept
corespunzator
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Multiset-uri (Bags)

Construirea cu functia fork:

B Dintr-o etichetad si 2 arbori heap face un heap
la care se adaugd informatia dimensiune §i,
eventual, schimba ordinea mebrilor

fork :: (Ord a) => a -> Htree a -> Htree a -> Htree a
fork x yt zt = if m < n then Fork p x zt yt else Fork p x yt zt

where m = size yt
n = size zt
p=m+n+1
size :: Ord a=>Htree a -> Int
size Null = 0
size(Fork n x yt zt) = n
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Multiset-uri (Bags)

Implementarea operatiilor:

isEmpty :: Htree a -> Bool
isEmpty Null = True
isEmpty (Fork n x yt zt) = False

minBag :: Htree a -> a
minBag (Fork n x yt zt) = x

delMin :: Htree a -> Htree a

delMin (Fork n x yt zt) = union yt zt
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Multiset-uri (Bags)

Implementarea operatiilor:

union :: Htree a -> Htree a -> Htree a
union Null yt = yt
union(Fork m u vt wt) Null = Fork m u vt wt

union(Fork m u vt wt) (Fork n x yt zt)

lu <= x = fork u vt (union wt (Fork n x yt zt))

|x < u = fork x yt (union (Fork m u vt wt) zt)
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Multiset-uri (Bags)

Implementarea operatiilor:

mkBag ::[a] -> Htree a
mkBags xs = fst (mkTwo (length xs) xs)

mkTwo :: Int -> [a]

mkTwo n XxXs

-> (Htree a ,

| (n == 0) = (Null, xs)

| (n == 1) = (fork(head xs) Null Null

| otherwise= (union xt yt, zs)

where (xt, ys)

(yt, zs)
m

mkTwo m Xs
mkTwo (n-m) ys
n div 2

[a])

4

tail xs)
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Multiset-uri (Bags) - Exemple

Main> mkBag [8,4,2,2,3,2,1]

Fork 7 1 (Fork 4 2 (Fork 2 2 (Fork 1 8 Null Null) Null) (Fork 1 4
Null Null)) (Fork 2 2 (Fork 1 3 Null Null) Null)

Main> mkBag [2,2,2,3]
Fork 4 2 (Fork 2 2 (Fork 1 3 Null Null) Null) (Fork 1 2 Null Null)

Main> delMin (mkBag [2,2,2,3])
Fork 3 2 (Fork 1 3 Null Null) (Fork 1 2 Null Null)

Main> minBag (mkBag [2,2,2,3])

2

Main> union (mkBag [2,2,2,3]) (mkBag [2,3,1,1])

Fork 8 1 (Fork 5 1 (Fork 4 2 (Fork 2 2 (Fork 1 3 Null Null) Null)
(Fork 1 2 Null Null)) Null) (Fork 2 2 (Fork 1 3 Null Null) Null)

Main> delMin (union (mkBag [2,2,2,3]) (mkBag [2,3,1,1]))

Fork 7 1 (Fork 4 2 (Fork 2 2 (Fork 1 3 Null Null) Null) (Fork 1 2
Null Null)) (Fork 2 2 (Fork 1 3 Null Null) Null)
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