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Structura de data "arbori binari”

O valoare a tipului Btree a este fie:

B un nod frunza (Leaf) ce contine o valoare de
tip a

B un nod ramificatie (Fork) si doi noi arbori,
subarborele stdng al nodului ramificatie
respectiv cel drept

B o frunzad se humeste nod exterior

B un nod ramificatfie se numeste nod interior
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Structura de date arbori binari

Sintaxa pentru intfroducerea tipul Btree a
este.

data Btree a = Leaf a | Fork(Btree a) (Btree a)

deriving (Show)
Fork (Leaf 1) (Fork (Leaf 2) (Leaf 3))
Fork (Fork (Leaf 1) (Leaf 2)) (Leaf 3)
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Structura de date arbori binari

Variabilele ce desemneaza arbori binari le
vom nota xt, yt, ...

Demonstrarea unei propozitii P(xt) se face
prin inductie structurala:

B P(Leaf x)
B P(xt), P(yt) ==> P(Fork xt yt)

Un arbore finit este un arbore ce are un
numar finit de frunze
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Masuri th Btree

size : humarul nodurilor frunza

size :: Btree a -> Int
size(Leaf x) =1
size (Fork xt yt) = size xt + size yt

Legatura cu length de la liste:
size = lenght.flatten

flatten :: Btree a -> [a]
flatten (Leaf x) = [x]
flatten (Fork xt yt) = flatten xt ++ flatten yt
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Exemple:

tl, t2, t3 :: Btree Int
tl = Fork(Leaf 1) (Fork (Leaf 2) (Leaf 3))
t2 = Fork (Fork(Leaf 1) (Leaf 2)) (Leaf 3)

t3 = Fork (Fork (Leaf 1) (Fork(Leaf 2) (Leaf 3)))
(Fork (Fork (Leaf 4) (Leaf 5)) (Leaf 6))

Main> size tl

3

Main> size t2

3

Main> flatten tl
[1,2,3]

Main> size t3

6

Main> flatten t3
[1,2,3,4,5,6]
Main> (length.flatten) t3
6

G. Grigoras - FII Programare Functionala



Masuri th Btree

hodes: numarul nodurilor interne

nodes :: Btree a -> Int
nodes (Leaf x) = 0
nodes (Fork xt yt) = 1 + nodes xt + nodes yt

height: lungimea drumului maxim de la radacina

la frunze
height :: Btree a -> Int
height (Leaf x) =0
height (Fork xt yt) =
1+ (max (height xt) (height yt))
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Exemple:

tl, t2, t3 :: Btree Int
tl = Fork(Leaf 1) (Fork (Leaf 2) (Leaf 3))
t2 = Fork (Fork (Leaf 1) (Leaf 2)) (Leaf 3)

t3 = Fork (Fork (Leaf 1) (Fork (Leaf 2) (Leaf 3)))
(Fork (Fork (Leaf 4) (Leaf 5)) (Leaf 6))

Main> nodes tl

2

Main> nodes t3
5

Main> height t1l
2

Main> height t3
3
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Masuri th Btree

depths: functie ce inlocuieste Thtr-un arbore
valoarea din fiecare frunza cu adancimea
(depth) frunzei in arbore

In acest fel, inaltimea unui arbore este

maximum din adancimile frunzelor
depths :: Btree a -> Btree Int
depths = down 0

down :: Int -> Btree a -> Btree Int
down n (Leaf x) = Leaf n
down n (Fork xt yt) = Fork(down (n+l)xt) (down (n+l)yt)
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Masuri th Btree

Indltimea unui arbore este maximum din

adancimile frunzelor:

height = maxBtree.depths

maxBtree :: (Ord a)=>Btree a -> a
maxBtree (Leaf x) = x
maxBtree (Fork xt yt) =

max (maxBtree xt) (maxBtree yt)
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Exemple:

t4 = Fork (Fork(Leaf 'l') (Fork(Leaf '2') (Leaf '3')))
(Fork (Fork (Leaf '4') (Leaf '5')) (Leaf '6'))

Main> flatten t4

"123456"

Main> (maxBtree.depths) t4
3

Main> t4

Fork (Fork (Leaf 'l') (Fork (Leaf '2') (Leaf '3')))
(Fork (Fork (Leaf '4') (Leaf '5')) (Leaf '6'))

Main> depths t4

Fork (Fork (Leaf 2) (Fork (Leaf 3) (Leaf 3)))

(Fork (Fork (Leaf 3) (Leaf 3)) (Leaf 2))
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Arbori perfecti

Un arbore binar se zice perfect dacad toate
frunzele sale au aceeasi adancime

Main> t5

Fork (Fork (Leaf 1) (Leaf 2)) (Fork (Leaf 3) (Leaf 4))
Main> depths t5

Fork (Fork (Leaf 2) (Leaf 2)) (Fork (Leaf 2) (Leaf 2))
Main> (maxBtree.depths) t5

2
Main> flatten t5
[1,2,3,4]
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Proprietati

|

[0 Daca xt este un arbore perfect atunci size xt
este o putere a lui 2; exista exact un arbore
perfect pentru fiecare putere a lui 2 (excepftie
fdacand de valorile frunzelor)

[l height xt < size xt <= 2height xt

L] |_log(size xt)_| <= height xt < size xt
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Constructia unui arbore

Data o lista xs de lungime n sa se
construiasca un arbore xt pentru care:

flatten xt xs, height xt = log n

Exista mai mulfi arbori cu aceastd
proprietate

O solutie: se Tmparte xs in doua si se
construieste recursiv, pentru fiecare
jumatate cate un arbore
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Construct

mkBtree

mkBtree xs
| (m ==
| otherw

where m

(y

la uhui arbore

[a] -> Btree a

0) = Leaf (unwrap xs)
ise = Fork (mkBtree ys) (mkBtree zs)
= (length xs) ‘div 2

S, zs) = splitAt m xs

unwrap[x] = x

splitAt n xs =

De la liste:

(take n xs, drop n xs)
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Constructia unui arbore: Exemple

Main> mkBtree [1]

Leaf 1

Main> mkBtree [1,2, 3]

Fork (Leaf 1) (Fork (Leaf 2) (Leaf 3))

Main> mkBtree [1,2,3,4]

Fork (Fork (Leaf 1) (Leaf 2)) (Fork (Leaf 3) (Leaf 4))

Main> mkBtree ['a','b',K6'c','d',f'e']

Fork (Fork (Leaf 'a') (Leaf 'b')) (Fork (Leaf 'c') (Fork
(Leaf 'd') (Leaf 'e')))

Main> (flatten.mkBtree) ['a',6'b','c','d’',l'e']

"abcde"
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Functiile mapBtree i foldBtree

Sunt functiile analoge functiilor map si fold de
la liste
Functia mapBtree:

mapBtree :: (a -> b) -> Btree a -> Btree b
mapBtree f (Leaf x) = Leaf f x

mapBtree £ (Fork xt yt) = Fork (mapBtree f xt) (mapBtree f yt)

Proprietati:

mapBtree id = id

mapBtree (f.g) = mapBtree £ . mapBtree g
map £ . flatten = flatten . mapBtree f
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Functiile mapBtree i foldBtree

Btree are 2 constructori:
Leaf :: a -> Btree a

Fork :: Btree a -> Btree a -> Btree a

Functia foldBtree ftrebuie sa furnizeze
aplicarea a 2 functii pentru un arbore dat:

B f:: a ->b (seaplicdvalorilor din frunze)

B g :: b ->b -> b (seaplicd rezultatelor aplicarii lui f)
Functia foldBtree:

foldBtree :: (a -=> b) -> (b -=> b -> b) -> Btree a -> b

foldBtree f g (Leaf x) = f x
foldBtree £ g (Fork xt yt) =
g(foldBtree £ g xt) (foldBtree f g yt)
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Exemple

Functia mapBtree:

Main> mapBtree (+5) t2

Fork (Fork (Leaf 6) (Leaf 7)) (Leaf 8)
Main> mapBtree (+1) t5

Fork (Fork (Leaf 2) (Leaf 3)) (Fork (Leaf 4)

Functia foldBtree:

Main> foldBtree(const 1) (+) t5
4

Main> foldBtree(const 1) (+) t4
6

Main> foldBtree (id) (max) t3

6

Main> foldBtree(id) (max) t4
1 6'

(Leaf 5))

G. Grigoras - FII Programare Functionala

19



Exemple

Functiile definite la Thceput se pot exprima cu
foldBtree:

size = foldBtree (const 1) (+)
height = foldBtree (const 0) (D)
where m @ n =1 + (m max n)
flatten = foldBtree wrap (++)
where wrap x = [x]
maxBtree = foldBtree id (max)
foldBtree (Leaf.f) Fork

mapBtree f
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Arbori binari augmentafi

Arborii binari intfrodusi au informatii doar in
frunze

Este util Tn aplicatii sd addugdm informatii in
nodurile interioare:

data Atree a = Leaf a | Fork Int (Atree a) (Atree a)

Ideea este ca'in arborele Fork n xt yt
n sa fie size xt + size yt

Acest lucru este asigurat prin construirea
de noduri fork utilizand o functie adecvata
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Arbori binari etichetati

1 Functia de construire a nodurilor
r'amificajrie

fork :: Atree a -> Atree a -> Atree a
fork xt yt = Fork n xt yt
where n = lsize xt + lsize yt

l1size :: Atree a -> Int
l1size(Leaf x) =1
lsize (Fork n xt yt) = n
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Arbori binari etichetati

1 Functia mkAtree:

mkAtree :: [a] -> Atree a
mkAtree xs
| (m == 0) = Leaf (unwrap xs)
| otherwise = fork (mkAtree ys) (mkAtree zs)
where m = (length xs) 'div" 2
(ys, zs) = splitAt m xs

unwrap [x] = x
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Arbori binari etichetati

1 Functia mkAtree:

Main> mkAtree [1,2,3,4]

Fork 4 (Fork 2 (Leaf 1) (Leaf 2)) (Fork 2 (Leaf 3)
(Leaf 4))

Main> mkAtree ['a', 'b', '¢', 'd', 'e']
Fork 5 (Fork 2 (Leaf 'a') (Leaf 'b'))
(Fork 3 (Leaf 'c¢') (Fork 2 (Leaf 'd') (Leaf 'e')))
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Arbori binari de cautare

Structura de data arbore binar de cautare
trebuie sd fie legatd de un tip din Ord:

data (Ord a) => Stree a = Null|Fork(Stree) a (Stree a)

Un arbore Stree nu mai are noduri frunza
Constructorul Null denota arborele vid

Un arbore nevid are un subarbore stang, o
etichetd de tip a si un subarbore drept

Arborii Stree se mai numesc arbori
etichetati
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Arbori binari de cautare

Crearea unui arbore de cautare de la o
secventa data:

mkStree :: (Ord a) => [a] -> Stree a

mkStree [] = Null

mkStree (x:xs) = Fork (mkStree ys) x (mkStree zs)
where (ys, zs) = partition (<= x) xs

partition :: (a -> Bool) -> [a] -> ([al], [a])
partition p xs = (filter p xs, filter (not.p) xs)

Nu se construieste arborele de adancime
minima
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Arbori binari de cautare

Crearea unui arbore de cautare de la o secventa
data:

Main> mkStree [1,2,3,4,5,6,7]

Fork Null 1 (Fork Null 2 (Fork Null 3 (Fork Null 4 (Fork Null 5 (Fork
Null 6 (Fork Null 7 Null))))))
Main> mkStree [3,5,2,6,7]

Fork (Fork Null 2 Null) 3 (Fork Null 5 (Fork Null 6 (Fork Null 7
Null)))

Main> mkStree ['a','d','e','m',6'a']
Fork (Fork Null 'a' Null) 'a' (Fork Null 'd' (Fork Null 'e'
(Fork Null 'm' Null)))
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Arbori binari de cautare

Functia de cdutare member :

member :: (Ord a) => a -> Stree a -> Bool

member x Null = False

member x (Fork xt y yt) | (x < y) = member x xt
| (x == y) = True
| (x >y ) = member x yt

Main> member 2 (mkStree [5,3,6,1,2,4])
True
Main> member 5 (mkStree [5,3,6,1,2,4])
True
Main> member 7 (mkStree [5,3,6,1,2,4])
False
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Arbori binari de cautare

Functia de sortare :

sort :: (Orxrd a) => [a] -> [a]
sort = flatten.mkStree

Main> flatten (mkStree [5,3,6,1,2,4])
[1,2,3,4,5,6]

Main> sort [5,3,6,1,2,4]
[1,2,3,4,5,6]

Main> sort [5,3,6,1,2,4,2,6]
[1,2,2,3,4,5,6,6]
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Arbori binari de cautare-inserare

OO0 Addugarea unui nod de eticheta data:
B Dacad eticheta exista atunci nu se adauga nici un nod

B Dacad eticheta nu existd se adauga ca si nod fara
descendenti, la locul lui

insert :: (Ord a) => a -> Stree a-> Stree a
insert x Null = Fork Null x Null
insert x (Fork xt y yt)

| (x < y) = Fork (insert x xt) y yt

| (x == y)= Fork xt y yt

| (x > y) = Fork xt y (insert x yt)
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Arbori binari de cautare-inserare

O Exemple:

Main> mkStree [2,5,3,1]
Fork (Fork Null 1 Null) 2 (Fork (Fork Null 3 Null) 5 Null)

Main> insert 6 (mkStree [2,5,3,1])
Fork (Fork Null 1 Null) 2 (Fork (Fork Null 3 Null) 5 (Fork Null 6 Null))

Main> mkStree "info"
Fork (Fork Null 'f' Null) 'i' (Fork Null 'n' (Fork Null 'o' Null))

Main> insert 'a' (insert 'b' (mkStree "info"))

Fork (Fork (Fork (Fork Null 'a' Null) 'b' Null) 'f' Null) 'i' (Fork Null 'n'
(Fork Null 'o' Null))

G. Grigoras - FII Programare Functionala 31



Arbori binari de cautare-stergere

O Stergerea unui nod de etichetd data presupune ca
cei 2 subarbori ramasi prin eliminarea radacinii sa
fie combinati astfel ca noul arbore sd aiba
proprietdtile cerute

O O functie join care combind Th acest mod 2 arbori

ar trebui sd indeplineascd conditia
flatten(join xt yt) = flatten xt ++ flatten yt

0 O solutie (nu cea mai buna) este sa se Tnlocuiasca cel
mai din dreapta subarbore Null din xt cu yt:
join :: (Ord a) => Stree a -> Stree a -> Stree a
join Null yt = yt
join (Fork ut x vt) yt = Fork ut x (join vt yt)
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Arbori binari de cautare-stergere

O Exemplu:
Main> tl
Fork (Fork Null 1 Null) 4 (Fork Null 6 Null)
Main> t2
Fork (Fork Null 8 Null) 9 (Fork Null 11 Null)
Main> flatten(join tl1l t2)
[1,4,6,8,9,11]
Main> flatten tl ++ flatten t2
[1,4,6,8,9,11]
Main> flatten (Fork tl 7 t2)
[1,4,6,7,8,9,11]

G. Grigoras - FII Programare Functionala 33



Arbori binari de cautare-stergere

Functia delete se poate defini astfel:

delete :: (Ord a) => a -> Stree a -> Stree a
delete x Null = Null
delete x (Fork xt y yt)

| (x < y) = Fork (delete x xt) y yt

| (x == y)= join xt yt

| (x > y) = Fork xt y (delete x yt)
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Arbori binari de cautare-stergere

Exemple:

Main> flatten(delete 7 (Fork tl1 7 t2))
[1,4,6,8,9,11]

Main> flatten(delete 4 (Fork tl 7 t2))
[1,6,7,8,9,11]

Main> flatten(delete 3 (Fork tl1 7 t2))
[1,4,6,7,8,9,11]

Main> flatten(delete 1 (Fork t1 7 t2))
[4,6,7,8,9,11]

Main> flatten(delete 11 (Fork tl1 7 t2))
[1,4,6,7,8,9]

Main> delete 1 (Fork tl1 7 t2)

Fork (Fork Null 4 (Fork Null 6 Null)) 7 (Fork (Fork Null 8 Null) 9
(Fork Null 11 Null))

Main> delete 3 (Fork tl1 7 t2)

Fork (Fork (Fork Null 1 Null) 4 (Fork Null 6 Null)) 7 (Fork (Fork
Null 8 Null) 9 (Fork Null 11 Null))
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Arbori binari de cautare-stergere

[0 Altd solutie pentru join: cea mai micd etichetd a arborelui yt
sa devina radacina pentru noul arbore

B Asta implementeazd faptul ca:
XS ++ys = xs ++ [head ys] ++ tail ys
B Folosim functiile headTree §i tailTree cu proprietdatile:

headTree :: (Ord a) => Stree a -> a
headTree = head.flatten

tailTree :: (Ord a) => Stree a -> Stree a
flatten.tailTree = tail.flatten

join :: (Ord a) => Stree a -> Stree a -> Stree a
join xt yt = if yt == Null then xt else
Fork xt (headTree yt) (tailTree yt)
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Arbori binari de cautare-stergere

Implementarea functiilor headTree si tail Tree:

splitTree :: Ord a => Stree a -> (a, Stree a)
splitTree (Fork xt y yt) =
if xt== Null then (y, yt) else (x, Fork wt y yt)

where (x, wt) = splitTree xt

headTree :: (Ord a) => Stree a -> a
headTree (Fork xt y yt) = fst (splitTree (Fork xt y yt))

tailTree :: (Ord a) => Stree a -> Stree a
tailTree (Fork xt y yt) = snd (splitTree (Fork xt y yt))
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Arbori binari de cautare-stergere

[0 Exemple:
Main> delete 1 (Fork tl 7 t2)

Fork (Fork Null 4 (Fork Null 6 Null)) 7 (Fork (Fork
Null 8 Null) 9 (Fork Null 11

Null))
Main> flatten(delete 11 (Fork tl 7 t2))
[1,4,6,7,8,9]
Main> flatten(delete 1 (Fork tl1l 7 t2))
[4,6,7,8,9,11]
Main> flatten(delete 3 (Fork tl1l 7 t2))
[1,4,6,7,8,9,11]
Main> flatten(delete 4 (Fork tl 7 t2))
[1,6,7,8,9,11]
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Arbori binari de cautare-stergere

0 Exemple:

Main> flatten(delete 7 (Fork tl 7 t2))
[1,4,6,8,9,11]

Main> delete 7 (Fork tl 7 t2)

Fork (Fork (Fork Null 1 Null) 4 (Fork Null 6 Null)) 8
(Fork Null 9 (Fork Null 11 Null))

Main> delete 4 (Fork tl 7 t2)

Fork (Fork (Fork Null 1 Null) 6 Null) 7 (Fork (Fork
Null 8 Null) 9 (Fork Null 11 Null))

Main> delete 9 (Fork tl 7 t2)

Fork (Fork (Fork Null 1 Null) 4 (Fork Null 6 Null)) 7
(Fork (Fork Null 8 Null) 11 Null)

Main> delete 6 (Fork tl 7 t2)

Fork (Fork (Fork Null 1 Null) 4 Null) 7 (Fork (Fork
Null 8 Null) 9 (Fork Null 11 Null))
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