Cursul 3 - Definirea functiilor, Liste

Lambda calcul - scurta introducere
Lambda expresii in Haskell
Definitii recursive

Definitii locale

Operatii cu liste

O alta reprezentare a listelor

B Generatori
B Garzi
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Lambda calcul - scurta introducere

Lambda calculul se bazeaza pe doud operatii de
baza:

Aplicatia:

B F.A care se scrie de obicei FA

O F privit ca algoritm, A considerat input
O In particular FF (recursie)

Abstractia:

B Daca M = M[x] este o0 expresie, atunci
functia x >M[x] se noteaza Ax.M[x]
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Lambda calcul

Variabile

B |ibere: in Ax.yx variabila y este libera

B |egate: in Ax.yx variabila x este legata
Substitutie: M[x:=N] aparitiile libere ale lui
x se inlocuesc cu N

B yx(Ax.x)[x:=N] = yN(Ax.x)

(Ax.M[x]N = M[x:=N]

B )x.2*x+1)3 = 2*3 + 1
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Lambda calcul - formal

Multimea A-termilor, notata A se
construeste din multimea infinita de
constante C = {c, ¢, ...} si multimea infinita
de variabile V = {v, V', ..} astfel:

B ceCoceAxeV=oxeA
BEMNecA=(MN)eA

B xecV,Me A= (AxM) e A

Notatii:

B FMM,. M, noteaza (..((FM)M,)..M,)

B )x;X,..X,.M noteaza Ax;(Ax,(... (Ax,(M))...))
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Lambda calcul - formal

[0 Multimea variabilelor libere ale lui M, notata FV(M)
este:

B FV(x)={x}
B FV(MN)=FV(M) U FV(N)
B FV(Ax.M) = FV(M) -{x}
OO0 Substitutie: M[x:=N] este M in care orice aparitie
libera a lui x se inlocueste cu N

[0 M este term inchis, sau combinator, daca FV(M) = .
Multimea combinatorilor se noteaza A°

OO0 Combinatorii standard:
B T-)xx K = Axy.x S = Axyz.xz(yz)
E IM:=M KMN = M SMNL = ML(NL)
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Teoria ecuatiilor in A

[1 Axiome
(B) (Ax.M)N = M[x:=N] pentru orice M\N € A
M=M

M=N=N=M, M=N,N=L=M=L
M=MN=MZ=MZ,ZM = ZM
E) M=M=2ixM=2ixM
(o) AxX.M = Ly M[x:= y]
[0 Daca se poate demonstra ca M = N, spunem ca M si
N sunt B-convertibili

[0 Notam M = N daca M si N sunt aceeasi modulo
redenumirea variabilelor legate: (Ax.x)z = (Ay.y)z




A

Reprezentarea recursiei in lambda calcul

Teorema de punct fix
(1) VFeA 3XeA astfel incat FX = X
(2) Exista combinatorul de punct fix

Y = Af.(Ax.F(xx))(Ax.f(xx))
astfel incat VFeA F(YF) = YF
Demonstratie
(1) Fie W = Ax.F(xx) si X = WW Atunci
X = WW = (Ax.F(xx))W = F(WW) = F(X)
(2) La fel




A

Reprezentarea numerelor si operatiilor

Definitie. FO(M) = M, F*1{(M) = F(F(M))
Numerale Church: cg, ¢4, ... ¢, =Afx. f'x
Operatii: A, = Axypq.xp(ypq)

Ax = Axyz.x(yz)

Acxp = AXY.YX
Teorema Pentru orice numar natural n, m:
(1) A, ¢.Cm = Cprem
(2) AxC,Cpy = Cpy
(3) Aexp CnCry = Cym (M diferit de zero)




Reprezentarea functiilor

Definitie.
(1) true =K=2Axy.x, false = Ki=Axy.y

if B then P else Q poate fi reprezentat prin BPQ
(2) Perechea ordonata: [M, N] = Az.MN
(3) Numerale: 0 =T = Ax.x, n+l = [false, n]

Lema Exista combinatorii S*, P-, zero astfel ca pentru orice numar
natural n au loc: S*n = n+1, P- n+l = n, Zero O = true, Zero n+l
= false

Demonstratie: S* = Ax.[false, x], P- = Ax.xfalse, Zero = Ax.xtrue




Reprezentarea functiilor

Definitie. O functie numerica f : NP > N este A-
definibila daca exista un combinator F astfel ca

Fnn,.n,=f(n,n,..n)

Teorema Functiile recursive sunt A-definibile:

(1) Functiile initiale(zero, succesor, proiectia) sunt A-
definibile

(2) Clasa functiilor A-definibile este inchisa la
compozitie(compunere)(f(n) = g(h,(n),....h,(n)))

(3) Clasa functiilor A-definibile este inchisa la recursie
primitiva (f(O,n) =g(n), f(k+1, n) = h(f(k,n), k, n) )

(4) Clasa functiilor A-definibile este inchisa la
minimizare ( f(n) = p m[g(n, m) = 0])




Definirea functiilor

Lambda expresii

B Sintaxa:
\x -> exp
B Expresia exp contine x; poate fi o noud lambda
expresie
B Exemple de functii definite ca lambda
expresii:

AX -> x + x
AX => (Ay => X + y)
Ax -> (Ay -> x*x + y*y)
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Exemple

Main> (\x->x+x)8

16

Main> (\x->(\y->x*x+y*y)) 3 4
25

Main> (\x y->x*x+y*y) 3 4

25

Main> (\x-> sum[l..x]) 4
10

const :: a -> (b -> a)
const x = \_ -> x

Main> const 1 2

1

Main> const [1,2,3,4] 2
[1,2,3,4]

Main> const 3 (2,0)

3

Main> const False 4
False
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Exemple

O Folosim functia map pentru a obtine primele n numere

impare :
map :: (a -> b) -> [a] -> [Db]
odds :: Int -> [Int]
odds n = map £ [0..n-1]
where £ x = x*2 +1 - definitie locala

Alternativa (lambda expresie):

odds n = map(\x -> x*2 + 1) [0..n-1]

G. Grigoras - FII Programare Functionala 13



Definirea functiilor
1 Sectiuni

B Functiile cu doua argumente pot fi utilizate
infix(ca operatori). 12 “div" 3
B Operatorii (+, *, etc.) pot fi utilizati ca functii:
(+) 3 4 (3+) 4 (+4) 3
B Dacd @ este un operator atunci expresiile de
forma (@), (x@), (RQy) se numesc sectiuni
si sunt functii:
(@) = \x ->(\y -> x @ y)

(x +) \y > x Qy
(+ y) \x >x Qy
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Exemple

Hugs .Base> :type (+)

(+) :: Num a => a -> a -> a
Hugs .Base> :type (1+)

(1 +) :: Num a => a -> a

Hugs .Base> :type (+2)

flip (+) 2 :: Num a => a -> a
Hugs .Base> :type (Trueé&&)

(True &&) :: Bool -> Bool

Hugs .Base> :type (| |False)

flip (|]) False :: Bool -> Bool
Hugs.Base > :t flip

flip :: (a -=> b ->¢) -> b -> a

-> C
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Aplicatii ale sectiunilor

[0 Construirea de functii simple

(1+) = \y -> 1l+y
(/) = \y > 1/y
(*2) = \x -> x*2
(/2) = \x -> x/2

O Aflarea tipului operatorilor

O Utilizarea operatorilor ca argumente
pentru alte functii
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Definitii recursive

O functie care are, in expresia ce defineste
valoarea sa, numele sau este o functie
recursiva

fact :: Integer -> Integer

fact n = if n == 0 then 1 else n*fact(n-1)
fact 1 = (definitie)

if 1 == 0 then 1 else l*fact(l-1)=

1 * fact(l-1) =

1*if (1-1) == 0 then 1 else (l1l-1)*fact((1-1)-1)=
1*if 0 == 0 then 1 else (1-1)*fact((l1l-1)-1)=

1*1 =

1
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Definitii recursive

fact(-1) = (definitie)

if -1 == 0 then 1 else (-1)*fact(-1-1)=

(-1) * fact(-1-1) =

(-1)*if (-1-1) == 0 then 1 else (-1-1)*fact((-1-1)-1)=
(-1)*((-2) *fact(-1-1-1))

[0 Redefinim functia:

fact :: Integer -> Integer

fact n |n<0 = error “argument negativ”
|ln == =1
|In>0 = n*fact(n-1)

error :: String -> a
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Definitii recursive

Main> fact 33
8683317618811886495518194401280000000
Main> fact O

1

Main> fact (-3)

Program error: argument negativ

G. Grigoras - FII Programare Functionala

19



Definitii recursive

0 O functie recursiva se defineste astfel:
B Se defineste tipul:

produs :: [Int] -> Int
B Se enumerad cazurile:
produs|[] =

produs (n:ns) =
B Se definesc cazurile de baza:
produs|[] =1
produs (n:ns) =
B Se definesc celelalte cazuri
produs|[] =1
produs (n:ns) = n*produs ns
B Generalizdri, simplificari:
produs :: Num a =>[a] -> a
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Liste

O Tipul lista

[1,2,3,4] :: Num a => [a]
[[1,2,3,4]1,[1,2]] :: Num a => [[a]]
[(+),(*),(=)] :: Num a => [a -> a -> a]

0 Constructorul(cons) :
(:) :: a => [a] =-> [a]
[1,2,3] = 1:(2:(3:[1)) = 1:2:3:1[]
0 Functia null
null :: [a] -> Bool
nulll[] True
null x:xs False

Hugs .Base> null []
True

Hugs.Base> null [1,2]
False
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Operatii cu liste

[0 Concatenare: ++
(++) :: [a] -> [a] -> [a]
[] ++ ys = ys
(x:xs) ++ ys = x: (xs++ys)

[1,2] ++ [3,4,5] = {notatie}
(L:(2:[1))++(3:(4:(5:[]1))) = {def ++, ec2}
1:((2:[]1)++(3:(4:(5:[1)))) = {def ++, ec2}
1:(2: ([]1++(3:(4:(5:[1))))) = {def ++, ecl}
1:(2:(3:(4:(5:[1))))= {notatie}
[1,2,3,4,5]
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Operatii cu liste

[0 Concatenarea (++) este asociativa iar [] este
element neutru:

(xs ++ ys) ++ zs = xs ++ ( ys ++ zs)
xs ++ [] = [] ++ xs

[0 Functia concat concateneaza o lista de liste:

concat :: [[a]l]] -> [a]
concat [] = []
concat(xs:xss) = xs ++ concat xss

Hugs.Base> concat [[1,2,3],[4,5],[61,[7,8,9]]
[11213141516171819]

G. Grigoras - FII Programare Functionala



Functia reverse

[0 Functia reverse inverseaza elementele unei liste:

reverse :: [a] -> [a]
reverse[] = []
reverse (x:xXs) = reverse xs ++ [x]

[0 Functia reverse realizeaza inversarea unei liste de
lungime n in n(n-1) pasi

Hugs .Base> reverse [1,2,3,4,5,6]
[6,5,4,3,2,1]

Hugs .Base> reverse (reverse [1,2,3,4,5,6])
[1,2,3,4,5,6]

Hugs .Base> reverse '"epurasul usa rupe"
"epur asu lusarupe"
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Functia 1ength

length :: [a] -> Int
length[] = 0
length(x:xs) = 1 + length xs
[0 Se poate dovedi (de la definitiile ++ si length):
length (xs++ys) = length xs + length ys

O Functia 1ength calculeaza lungimea unei liste Tn n
pasi indiferent de natura elementelor

Hugs .Base> length [1,2]

2

Hugs .Base> length [undefined, undefined]
2
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Functiile head, tail

head :: [a] -> a
head[x:xs] = x
tail :: [a] -> [a]
tail (x:xs) = xs

Sunt operatii ce se executad Tn timp constant

Compunere de functii (.):
(.) :: (a -=>b) -> (¢ -=> a) -> c ->Db

(£.9)x = £(gx)
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Functiile 1ast, init

last ::[a] -> a

last = head.reverse

Main> (head.reverse) [1,2, 3]

3
Main> last][1,2, 3]
3

init :: [a] -> [a]

init = reverse.tail.reverse
Main> init [1,2, 3]
[1,2]
Main> (reverse.tail.reverse) 1,2, 3]
[1,2]
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A

Functia take

OO0 Functia take: primele n elemente din lista xs
[0 Definitie recursiva:

B Tipul functiei:
take :: Int -> [a] -> [a]
B Enumerarea cazurilor: sunt 2 valori pentru primul
argument: O gi n+l1, doud pentru al doilea argument: []
Si X:XS
take 0 []
take 0 (x:xs)

take (n+1) []
take (n+l1) (x:xs)

B Definirea cazurilor de baza:
take 0 []
take 0 xs

take (n+1) []
take (n+l) (x:xs)

[]
[]
[]
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A

Functia take

B Definirea celorlalte cazuri:

take 0 []

take 0 xs

take (n+1) []
take (n+1l) (x:xs)

[]
[]

= [l

B Generalizare, simplificare:
take:: Integral b => b

take 0 xs
take (n+1) []
take (n+1l1) (x:xs)

x:take n xs

-> [a] -> [a]

[]

= [l

x:take n xs
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Functiile take, drop

take :: Int -> [a] -> [a]
take 0 xs = []

take (n+l)[] = []

take (n+l) (x:xs) = x:take n xs

drop :: Int -> [a] -> [a]
drop 0 xs = xs

drop (n+1) [1 = []

drop (n+l) (x:xs) = drop n xs
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Functiile take, drop

[0 Proprietati:

take n xs ++ drop n xs = XS
take m . take n = take(m "min n)
drop m.drop n = drop (m+n)

take m . drop n drop n. take (m+n)

Main> ((take 3). (take 5))[1l] == take(3 min 5)[1]
True

Main> (drop 2. drop 4) [1l] == drop(2+4) [1]

True

Main> (take 5.drop 3)[1] == (drop 3.take(5+3)) [1]

True
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Functia splitAt

splitAt : :Int -> [a] -> ([a], [al])

splitAt n xs = (take n xs, drop n xs)
splitAt 0 xs = ([], xs)

splitAt n+l [] = ([1, [1)

splitAt n+l1l (x:xs) = (x:ys, zs)

where (ys,zs)=splitAt n xs
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Tndexarea in liste

0 Operatorul de indexare (!!) :

(') :: [a] -> Int -> a
(x:xs)!1!0 = x
(x:xs)!!(n+1) = xs!'n

0 Proprietati:

(xs ++ ys)!'k = if k<n then xs!'k else ys!! (k-n)
where n = length xs

Main> "alabalaportocala"!!'1l2

lc\
Main> "aaaa" !! (-1)
Program error: Prelude.!!: negative index

Main> ("aaa"++"bbb")!!4
lbl
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Functia map

Functia map aplica o functie fiecarui
element al unei liste
map :: (a -> b) -> [a] -> [Db]

map £ [] = []
map f(x:xs) = fx : map f xs

Main> map square [2,1,4]

[4,1,16]

Main> map (<5) [ 3,7,5,4,3,7,8]
[True,False,False,True,True,False,False]
Main> sum(map square[l..3])

14

Main> sum(map sqrt[l..8])
16.3060005260357
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Functia map

Proprietati:

map 1id
map (£ .g)
f.head

map f.tail
map f.reverse
map f.concat

map f (xs++ys)

id
map f.map g

= head . map £

= tail.map £

reverse.map f
concat.map (map f)
map £ xs ++ map f ys
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Functia filter

0 Argumente: o functie booleand p si o lista xs

[0 Returneaza sublista elementelor din xs ce satisfac p
filter :: (a -> Bool) -> [a] -> [a]
filter p [] = []
filter p (x:xs)= if p x then
x:filter p xs
else filter p xs

Hugs .Base> filter odd [1,2,3,4,5,6,7,8]
[1,3,5,7]

Hugs .Base> (sum.map (*4) .filter even) [1l..10]
120
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Functia filter

Proprietati:

filter p . filter q = filter(p si q)
unde (p si g)x = px && gx

filter p . concat = concat . map(filter p)

Hugs.Base> (filter (>3).filter(<7))[1,2,3,4,5,6,7,8,9]
[4,5,6]

Hugs.Base> (filter (<5).concat)[[1,3,6],[3,8]]

[1,3,3]

Hugs.Base> (concat.map(filter(<5)))I[[1,3,6],I[3,8]1]
[1,3,3]
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Liste: o alta notatie

Analogie cu definirea unei multimi:
{1,4,9,16,25} = {x? | x € {1.5}}
List comprehension

Hugs.Base> [x*x|x<-[1..5]]
[1,4,9,16,25]

Hugs.Base> [x*x|x<-[1..5], odd x]
[1,9,25]

Hugs .Base> [x*x|x<-[1..10], even x]
[4,16,36,64,100]
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Liste

Sintaxa Haskel pentru definirea listelor:
[e| Q] unde

B ¢ este o expresie

B Q este un calificator
O O secventad - posibil vida - de forma
genl, garl, gen2, gar2, ...
OO0 Generator: x <- xs

B Xx este variabild sau tupla de variabile
B xs este o expresie cu valori liste

[0 Garda: o expresie cu valori booleene (garzile
pot lipsi)

G. Grigoras - FII Programare Functionala 39



Liste

Dacd ih expresia [e | Q] calificatorul Q
este vid atunci scriem doar [e]

Regula generator:
[e|x<- xs, Q] = concat(map f xs) where fx = [e|Q]

Regula garda:
[elp, Q] = if p then [e|Q] else []
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